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Abstract: We shall here consider extended theories of gravitation in the metric-affinc formalism with 
matter coupled directly to the connection. A sufficiently general procedure will be exhibited to solve the 
resulting field equation associated to the connection. As special cases one has the no-coupling case (which 
is standard in f(R) literature) as well as the cases already analyzed in [1]. 

1. Introduction 

Let M be a connected paracompact spacetime manifold which allows global Lorentzian metrics. 
For the sake of simplicity let us assume that dim(M) = m ^ 2. 

Let us consider a metric g^ v and a torsionless connection as fundamental fields. We shall 
hereafter consider a Lagrangian in the form 



where <f> is a set of matter fields, g = \ABt{g^ v )\ and / is a generic (analytic) function. Similar 
situations have been considered before; see [2], [3]. However, to the best of our knowledge a 
general procedure to solve these field equations appears here for the first time. For physical 
applications see [4], [5], [6]. For physical interpretation see [7]. 

We can define u^p = — Sf a Tps] this relation is invertible so that the field equations of (1.1) 
associated to u^a (as derived for example in [1]), are thence in the form 



where is a suitable tensor density of weight 1 which is a function of the matter fields <j>, 
the metric g and possibly the connection T itself. If the matter Lagrangian in (1.1) is linear in 
the connection then does not in fact depend on the connection. In general the connection 
may appear in P"^ through the covariant derivatives of matter field, in view of the covariance 
required. 

When the connection enters linearly in L m then P"' J = P" lj (g, 4>) is independent of the 
connection itself and one can always recast the matter Lagrangian under the form L m = 
P?* 3 (g,(f>)Uag + Z(g,(J)) where now Z(g,<fi) is the "standard" new matter pseudo-Lagrangian. 
We shall herefter present the general solution of this equation in this particular case. 

If instead the matter Lagrangian is not linear in the connection then the tensor density P?^ 
does depend on the connection itself. In this case one can only try to "solve" the equation 
by considering P?® as an additional parameter. This is similar to what one is used to do in 
Hamiltonian mechanics in which one considers momenta as independent of the positions and 
solves the equation. At least in some cases one could obtain meaningful results, e.g. when 
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L = ^f{R)+L m {g,T,4>) 



(1.1) 



(1.2) 
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the particular combination expressing T as a function of P happens to be independent of the 
connection despite the Ps may depend on T. 

Let us stress that a similar technique is used in ordinary f(R) theories, in which the connection 
is "solved" as a function of the metric and the conformal factor /' which (at least in the 
beginning, i.e. before using the master equation) is itself a function of the connection. 



2. Existence and Uniqueness 

First of all one defines as usual a conformal metric h a g = f'g a p so that the equation (1.2) can 
be recasted as 

V A (Vhh°^ = s/hPf (2.1) 

where we set Pf = \fhPf. 

Let us then consider the Levi-Civita connection {h}" of the conformal metric h. Accordingly 
the difference between the two connections K£ v := Tf w — {h}™ v is a tensor. Equation (2.1) can 
be thence written as 



V A (Vhh a ) + K* x Vhh vij + K^ x Vhh ai ' - K^Vhh 010 



(2.2) 



which in turn can be simplified to 

+ K vX h av - = Pf (2.3) 

Notice that this is an algebraic (in fact linear!) equation for the tensor K. 

The homogenous equation (obtained by setting Pf — 0) has been already known in [8] to 
have a unique solution (i.e. K = 0). Hence we just have to find a particular solution of (2.3); 
then that solution is unique in view of Rouche-Capelli theorem (sec [9]). 

As usual one can rely on a bit of luck, write down a number of tensors built with the metric 
h and the tensor P and search for a particular solution which is a linear combination of such 
basic tensors. 

Let us then define P ;j :— Pfh a p and P a := P x x . By noticing that the tensor K is defined to 
be symmetric in its lower indices, we can try with a linear combination 

K a , v = aP {ll 5 a v) + bP^h v)a + cP a h aa h lw + dh aX P p x a h ini h av (2.4) 
By substituing back into (2.3) one gets 

{\+d) p: a h Xa h^+ 

+ (f + c) P v b{h av + bPf + (| + d) P» a h x M' v + (f + c) P„h p °5t+ (2.5) 
- (§(m - 1) + | + c) W - (d + \) P7hxah a0 = Pf 

Thus the ansatz (2.4) is a solution of equation (2.1) if the coefficients are 

b = l d =-\ C = Wn=2) a = -^2 ( 2 -6) 
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Since we have assumed that spacetime has dimension ra^2 this is a good solution. As usual 
two dimensional spacetimes are degenerate under many viewpoints and they must be treated 
separately. In this case, e.g., one can easily show that in dimension 2 there is no solution in the 
form (2.4) to equation (2.1). 



3. EPS Compatible Connections 

In [10] Eherls-Pirani-Schild presented an axiomatic introduction to gravitational theories 
based on light rays and particles worldlines. In [8] and [1] we investigated a class of La- 
grangians called Further Extended Theories of Gravitation (FETG) in which EPS compatibility 
is endowed by field equations. 

We want here to show that in a FETG the matter Lagrangian is necessarily in the form 

Lrn = V&rV M 4, (3-1) 

where A is a vector density of weight —1. 
If the connection has to be EPS compatible with the metric structure one has to have 



i PA" l PFxiP" 1 /, i ip a(T h i i P h aa h -+- 

2(m-2)- f > t V 2(m-2) rvU H ' 2 r H ' lva ' 2 r v n ti" ~ 2(m-2) r °"' n l^' 

- \h aX P{°h ni h av = \{h m h lw - S;Sl - 5 a v 8l)a ( _ 
and we want to write P as a function of a. 



(3.2) 



By tracing this relation with h one has 

D _ m 

I 1 2 

By tracing the same equation one gets 



P„ = ^^a, (3.3) 



pa _ p aX = m^2 h ae ae ( 3 4 ) 

By substituting back into equation (3.2) one obtains 

\P™h va + \PTK« - \h a( Prh ni h av = - (h°* V - 2^^)) "e (3.5) 
Let us now multiply by h vX 

One can now split this in the symmetric and skew part with respect to the indices (aa) obtaining 

\ h c[x P^h a , = ™^h* x S$a t 

These equations are not independent; in fact substituting the first into the second one, the 
second is identically satisfied. 

Accordingly, in a FETG in dimension m = 4 the matter Lagrangian coupling with matter 
necessarily implies 

P^ = h aX a tl (3.8) 

If one wants the form a to be independent of T then the matter Lagrangian is basically forced 
to be in the form (3.1) as it was assumed in [1]. 
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4. Conclusions 



We have shown how to solve field equations in Extended Theories of Gravitations in the metric- 
affine framework (a la Palatini) with an arbitrary coupling between matter and the connection. 

As an application we have shown that in order to have EPS compatibility the coupling should 
be necessarily in the form assumed in [8] . 
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